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Summary
The general bending theory of shells under the influence of

initial stress presented recently by Herrmann and Armenakas1

is applied in this investigation to study the effect of initial uni-
form circumferential stress, uniform bending moment and uni-
form radial shear on the dynamic response of an infinitely long
(motion is independent of the axial coordinate) elastic circular
cylindrical shell.
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Symbols
= initial coordinates of a point
= radius of middle surface of the shell
= shell thickness
= unit vectors tangent to the unde-

formed coordinate lines at a point
= unit vectors tangent to the deformed

coordinate lines
= displacement components in the

Kx, K0, Kz, direction, respectively
= displacement components of the

middle surface, in the K^, K0, and
Kz directions, respectively

= angles of rotation of a normal to the
middle surface in the z-x and
2-0 planes, respectively

= thickness stretch
= unit elongation of a line element

originally in the x and 0 direction,
respectively

= initial uniform circumferential shell-
stress

= initial uniform moment about #-axis
= initial uniform radial shell shear force
= circumferential and radial com-

ponents, respectively, of the
change due to deformation of the
initial shell surface tractions,
taken per unit undeformed middle
surface area

= shell moment due to the circumfer-
ential traction

= change due to the deformation of me
- uniform lateral pressure
= mass density
= time
= frequency of vibration
: frequency factor equal to Ru

VP(1 - „*)/£

shell compressional and flexural
modulus, respectively
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E, G = Young's and shear modulus, respec-
tively

v = Poisson's ratio
Kc, Kh, Kr = buckling coefficients for constant,

directional, hydrostatic, and cen-
trally directed pressure, respec-
tively

I = h*/12 = moment of inertia

Introduction

IN A RECENT PAPER1 the authors presented several
linear theories of motion of elastic cylindrical shells

subjected to a general state of initial stress, wherein
the general deformed configuration (referred to as the
final state of stress) is attained from the unstressed
and unstrained state by passing through an intermediate
equilibrium state of initial stress. These theories are
more inclusive than others available heretofore, in
that they contain not only the influence of uniform
initial membrane stresses, but also the effect of initial
moments and transverse shear forces. Moreover they
take into account the possibility that the initial stress
may be a function of the space coordinator.

In obtaining the equations of motion in Ref. 1, the
contribution of the displacements associated with the
initial stresses was disregarded. It was assumed, more-
over, that the dependence on the thickness coordinate
of the displacement components ux, ue, uz is linear. As
will be indicated subsequently, the conventional as-
sumption that the radial component of the displace-
ment is not a function of the thickness coordinate leads,
in some instances, to erroneous results. The retention
of at least the first order static effect of the thickness
stretch \f/z is necessary.*

In the past, various versions of linear theories of
motion have been employed in studying the effects,
on the frequency of the radial mode, of initial, uniform,
axial, or circumferential stress. For instance, on the
basis of the Marguerre theory of shallow shells,2
Reissner,3 by omitting the effect of transverse and
longitudinal inertia, obtained a simple expression for
the frequency of the radial mode of a shell under initial,
uniform, axial, and circumferential stress. In the case

* The notation used here is identical to that employed in
Ref. 1 where the longitudinal, the circumferential, and the radial
components of the displacement were approximated by

ux = u(x,8,t) -f ztx(x,8,t)

UQ = v(x,8,t) + zif/8(x,8,t)

Uz = w(x,8,t) + z^z(x,Syt}
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of cylindrical shells, it can be shown that the Marguerre
equations may be obtained from the bending theory
presented in Ref. 1 by disregarding 1/n2, h2/l2R2,
and h2h2/l2R* as compared to unity and, therefore,
Reissner's results cannot be used in establishing the
frequencies of modes having a small number n of cir-
cumferential waves.

In another investigation, by using a shallow shell
membrane theory but retaining the effect of longitudi-
nal and transverse inertia, Reissner4 established the
frequency equation for shells under all around pressure
(axial stress equals one-half circumferential) and com-
pared the results with those of his aforementioned in-
vestigation, and with an approximate formula proposed
by Serbin.5 It is apparent, however, that the con-
clusions deduced from this comparison are again valid
only for modes having a large number of circumferen-
tial waves.

A set of equations derived by Timoshenko7 were
employed by Fung, Sechler, and Kaplan6 in establish-
ing the frequency of vibrations for a shell under all
around pressure. Due to geometric complexities, how-
ever, in these equations certain terms whose relative
order of magnitude is l/n2 are incorrect; for modes
having a small number of circumferential waves,
therefore, these equations cannot be relied upon to
yield more accurate results than those obtained from
the Marguerre theory of shallow shells. Moreover,
in deriving the Timoshenko equations the stress-
strain relations of Love's first approximation are used,
resulting in nonsymmetric displacement equations of
motion and thus precluding the existence of a strain
energy potential.

In this investigation, the bending theory presented
in Ref. 1 will be applied to study the effect of initial
uniform circumferential shell stress, initial uniform
bending moment, and initial radial shear, on the dy-
namic response of an infinitely long elastic circular
cylindrical shell.

The uniform initial circumferential stress may be
induced by uniform lateral pressure p. This pressure
is assumed to be: (a) Constant Directional—the
direction and the magnitude per unit original area will
remain unchanged during deformation, (b) Hydrostatic
—the direction and magnitude per unit original area
will alter due to deformation, (c) Centrally Directed—
—during deformation, the magnitude per unit original
area will remain constant, and the direction will remain
toward the center of the shell. In all three cases, the
applied load system is conservative (see Ref. 8). Al-
though the character of the internal stresses induced
by these slightly different pressures is identical, their
effect on the frequencies of vibration may vary con-
siderably. In the limiting case of buckling, as demon-
strated by Stevens10 and Boresi9 and discussed by
Bodner,8 the critical load is affected significantly by
the magnitude and the direction which the external
pressure assumes in the process of buckling.

The uniform initial bending moment may be induced

in a shell by bending a flat plate or a curved plate of
different curvature, while a uniform initial radial shear
may be induced by circumferential surface shear trac-
tions, uniformly distributed over the internal and the
external surface of the shell.

Equations of Motion

A cylindrical shell of infinite length, constant thick-
ness and mean radius R is referred to a system of modi-
fied cylindrical coordinates x, Q,z\ x is measured along
the axis of the shell, 0 along the circumference, and z
in the direction perpendicular to the middle surface.

The equations of motion for this shell will be reduced
from the three displacement equations, Eqs. (38), given
in Ref. 1 by setting u equal to zero and by assuming
that the displacement components are independent of
the axial coordinate. These assumptions reduce the
problem to a case of plane strain. The results of this
analysis may be applied to a ring by setting Poisson's
ratio equal to zero in the expressions for the compres-
sional and flexural moduli.

The equations of motion are

[0 1

Md 3
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Q d2 Q
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Ame

Q Q + L
V _R2
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f2D 2M N wA 52

\R* ~ ~R* ~ ~R* ~~ R*J W>

D d4 I d

I- (1)

N is the initial uniform circumferential shell-stress; M
is the initial uniform moment about the x-axis; Q is
the initial uniform radial shell shear; AFe and Ag are
the circumferential and radial components, respectively,
of the change due to deformation of the initial shell
surface tractions, taken per unit undeformed middle
surface area; me is the shell moment due to the initial
circumferential surface traction; kme is the change
induced by the deformation of the initial shell moment
me\ mz is equal to the sum of the products of the radial
component of the initial surface traction and the z co-
ordinate evaluated at the two surfaces of the shell.

Uniform Lateral Pressure
For a shell under the influence of uniform lateral
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INTERNAL EXTERNAL

FIG. 1. Cross-section of shell under later pressure.

pressure it can be shown, referring to Fig. 1, that for
initial equilibrium

= ±pR[l =F (h/2R)] (2)

The upper sign applies to internal pressure while the
lower sign applies to external pressure. Furthermore,
by definition, it is apparent that

For a shell under constant directional pressure, it is
evident that

= 0 (4)

In the case of hydrostatic pressure, referring to Fig. 2,
it may be shown that

R* |_c>0 2R/ 2R d92 J

E,) sin

Nh 5w

(5)

In the case of centrally directed pressure, it may be
shown that

Ag = 0, &Fe = Nv/R\ Am, = =F Nhv/2R (6)

Suitable solutions of the following form are assumed

v = Fcos

w = W sin
(7)

Introduction of the above relations into the equations
of motion, Eqs. (1), as modified in accordance with
Eq. (4) for constant directional, Eqs. (5) for hydro-
static and Eqs. (6) for centrally directed pressure, re-
sults in two homogeneous algebraic equations for the
amplitude factors V and W. For a nontrivial solution
of these equations, the determinant of their coefficients
is set equal to zero yielding the following frequency
equations.

(a) Constant directional pressure

DEv(l + n*) + - («2 - I)2 +

x

(»• -I)2

(b) Hydrostatic pressure

(«2 - I)2 = 0 (8)

D
I)2

N
X

X

- 1)2 = 0 (9)

(c) Centrally directed pressure

o4 —

N

+ 1) + - (w2 - I)2 +

Q\ - 2/1 Z\ I l 2 \s
) A t ' ^ - L / r» T> I ' TD9 ^^

£„£>(«2 - I)2] i%2^( w2(w2 - I)2 = 0 (10)

The higher frequency (predominantly v motion) for
the case of constant directional pressure, disregarding

UNDEFORMED

FIG. 2. Element of shell under hydrostatic pressure.
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CJ = FREQUENCY OF RADIAL MODE UNDER
LATERAL PRESSURE P

LATERAL PRESSURE

— -— CENTRALLY DIRECTED PRESSURE
————— CONSTANT DIRECTIONAL PRESSURE

————— HYDROSTATIC PRESSURE

n = 2
v = 0.3

I3 2
INTERNAL

P/E x I04

FIG. 3. Frequency of radial mode vs. lateral pressure.
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terms of the order (N/EP)2 and (h/R)2 as compared
to unity, is

h2 ,
phR o+.•

It is apparent that this frequency increases with initial
internal pressure and decreases with initial external
pressure; the effect, generally, is very small inasmuch
as for most engineering materials in the elastic range,
N would be of the order of magnitude of IQ~*Eh or
smaller. The influence on this frequency of hydro-
static and centrally directed pressure is similar to that
of constant directional pressure.

The lower frequency, that is the frequency of the pre-
dominantly radial mode is, for the case of constant
directional pressure

9 Dn2(n2 - I)2
 vx

phR*

NR2

(12)

for the case of hydrostatic pressure

, Dn\n* - !)«
/\

1 +

1 + n2 + n* h2

I2R2

(13)

for the case of centrally directed pressure

D«202 - I)2

— X

NK
D(n2 - 1 [-w2

1 +

h
T 2R ̂ H l

h2
*;2 J W4
;* ' " 12R2

h2n*~l
'' ' 12^2J

(14)

In obtaining Eqs. (12), (13), and (14), terms of the
order of magnitude (N/EP)2 and (h/R)2 have been
disregarded as compared to unity. It may be ob-
served that the frequency of the radial mode increases
with initial internal pressure and decreases with initial
external pressure. The relative effect becomes very
large for very small values of h/R, as illustrated in
Fig. 3, where the ratio of the frequency with lateral
pressure, to that without lateral pressure, is plotted as
a function of p/E for two values of h/R. The slight
change of the slope of the curves at the origin is due
to the change of the pressure at that point from ex-
ternal to internal. It is apparent, that for h/R — 0.1
this effect is considerable in the case of centrally di-
rected pressure, small in the case of constant directional
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pressure, and negligible in the case of hydrostatic
pressure. From the above equations it is evident that
the relative effect of lateral pressure is more pronounced
for modes having small numbers of circumferential
waves. In Fig. 4, the frequency factor A = co
V pR2(l — v2)/E is plotted as a function of h/R for
two values of n and for a conveniently chosen value of
N/Eh. It is apparent that the hydrostatic pressure
has a greater influence on the frequency of the pre-
dominantly radial mode than the constant directional
or centrally directed pressure. As indicated in Fig. 4,
the difference of magnitude of the effect of these types
of initial pressure on the frequency is more pronounced
for small values of n; for n = 6 for instance, it becomes
negligible.

In the case of thin shells, for modes with a large
number of circumferential waves l/n2 and hV/l2R2

may be disregarded as compared to unity and the ex-

TABLE 1. Values of Buckling Coefficients

.20

.19

.18

.17

.16

.15

.14

.13

.12

.10
I

.09

.08

.07

,06

.05

,04

.03

.02

.01

I- v EXCEPT AS NOTED

— ••— CENTRALLY DIRECTED PRESSURE
— ——-• CONSTANT DIRECTIONAL PRESSURE
———— HYDROSTATIC PRESSURE

A = ROJ

n = 3

ff-

— y

y

0 .01 .02 .03 .04 .05 .06 .07 .08 .09 O.I
h/R ——+

FIG. 4. Frequency factor A vs. h/R of the predominantly
radial mode for an infinitely long cylindrical shell under internal
pressure.
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pression for the frequencies, Eqs. (12), (13), and (14),
reduces to

(NR2/Dn2)] (15)

This result is identical to that obtained by Reissner3

on the basis of the Mar guerre shallow shell theory by
disregarding the effects of axial and circumferential
inertia. It may be concluded, therefore, that in the
case of an infinitely long shell, the omission of circum-
ferential inertia results in an error of the order of
magnitude of l/n2, which is justified for shallow shells
and for circumferentially multiwaved modes. This re-
sult was anticipated on the basis of Reissner's con-
clusion.11

From the above equations, it can be seen that the
frequency does not remain real for all values of the ex-
ternal pressure; consequently, the shell becomes un-
stable when the value of the pressure equals

pcr = (16)

where

Kc= (I- v*
Kh = (n* -

\ (17)

(l-v* - 2 - (3 - 2«*)

In the above expressions h2n2/12R2 is disregarded as
compared to unity. The critical pressure is obtained
for n = 2 since n = 1 represents a translation of the
infinitely long shell as a rigid body. Values of Kc,
Kh, and Kr for v = 0 and v = 0.3 for indicated values
of h/R are given in Table 1. These results concur
with those obtained by Boresi9 for the case of hydro-
static and centrally directed pressure.

It is of interest to note, that in the case of constant
directional pressure for axisymmetric vibrations (d/
50 = 0), a circumferential mode is obtained which is
nonexistent in the absence of initial circumferential
tension. For this case, the equations of motion un-
couple and the first reduces to

F (h/2R)]v + phR2(d2v/dt2) = 0 (18)

In this mode all points of the middle surface are dis-
placed in the tangential direction by an amount equal
to v and all crosssections rotate about their neutral
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FIG. 5. Element of shell vibrating in pure circumferential
mode.

axis by an angle approximately equal to v/R. The
frequency of this mode is

(h/2R)] (19)

Eq. (18) may be readily obtained by considering the
shell element shown in Fig. 5, and by setting the sum
of the moments about any point equal to zero and the
sum of the forces in the v direction equal to the v com-
ponent of the change of linear momentum.

Uniform Moment and Hydrostatic Pressure
An initial uniform bending moment M may be in-

duced in a shell for example during fabrication, if the
shell is constructed from a flat plate or a shell of differ-
ent curvature. The equations of motion for a shell
under lateral hydrostatic pressure in addition to an
initial constant moment M, may be readily obtained
from Eqs. (1), (2), (3), and (5). Using solutions, Eq.
(7), and equating to zero the determinant of the coeffi-
cients of the resulting linear algebraic equations in
V and W, the following frequency equation is obtained

[a»« T A (1 _ W2)] +1 (Bn* _
N I

—r«*R r 2«8 — i ±
M \D 2, 2 ^2 M

|_™ «2(«2 - I)2 - ^_R R "

E,,Dn^(n2

I)2]

1) = 0 (20)

By setting N = 0 in the above equation, it may be
shown that the frequency of the predominantly cir-
cumferential mode increases due to initial positive

moment by a very small amount. Disregarding
(M/EP)2 and h2/R2 as compared to unity the fre-
quency of the predominantly radial mode is

Dn\n2 - I)2

[r 1 + (M/EVR) I
(21)

It may be seen that an initial positive moment, the one
producing compression in the interior of the shell, in-
creases this frequency; the effect, however, is generally
very small, for in order that the stress not exceed the
elastic limit, M must not exceed (for most engineering
materials) the order of magnitude of 10~3(G&/2).

From Eq. (20) the critical lateral pressure at buckling
is

Per =
D(n* - 1)r MJ^

I D i2R (22)

In obtaining the above equation terms of the order
h*/R2, (M/Epy, (N/Ev)*, and MN/EP* have been
disregarded as compared to unity. If the shell were
constructed from a flat plate, the initial moment due
to bending of the plate will be M = D/R. For this case

pcr = (23)

It can be seen that the effect of this initial moment on
the critical pressure is negligible. This result conflicts
with the findings of Alfutov12 wherein he has shown
that the magnitude of the critical pressure at buckling
of a ring made from a flat strip will increase by 25 per-
cent due to the initial moment. A careful analysis
reveals that in the strain energy expression in Ref. 12,
the effect of the z component of strain has been dis-
regarded. This effect contributes to the equations
of equilibrium terms involving initial moments which
cancel certain retained terms responsible for this er-
roneous result.

Uniform Radial Shear
The uniform initial radial shear may be induced by

FIG. 6. Shell under uniform radial shear force.
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circumferential surface shear tractions uniformly dis-
tributed over the internal and external surfaces of the
shell which have relative magnitudes that satisfy the
initial equilibrium conditions (see Fig. 6). Moreover,
it is assumed that the magnitude of the resultant force
acting on a given surface element does not change dur-
ing deformation. The direction of the applied surface
shear traction in the deformed position could be taken
as either parallel to the undeformed center line or
tangent to the elastic curve; within the accuracy of
the present theory, the results will be identical.

For this case the equations of motion, Eqs. (1), reduce
to

d2

(27) it may be seen that the shell buckles in a fashion
analogous to a shell under lateral pressure for

w=° (24)
For axi-symmetric vibrations, it may be shown that a
predominantly circumferential mode does not exist and
that the initial radial shear does not significantly effect
the predominantly radial mode.

For the more general case of nonaxially symmetric
motion, by disregarding the effect of circumferential
inertia, the following relation may be obtained from
Eqs. (24)

EpDj

Evor
A solution is assumed of the form

D

w = sn

^ ;

(26)

which substituted in Eq. (25) yields the following ex-
pression for the frequency of the predominantly radial
mode

(27)

It may be seen that the initial radial shear force de-
creases the frequency of this mode—an effect which may
become very large for small values of h/R. Notice
that for Q = 0 Eq. (27) approximates the frequency of
the radial mode to the order of accuracy that [1 +
(1/w2)] approximates unity, which again illustrates
that the omission of the circumferential inertia results
in an error of order of magnitude of l/n2. From Eq.

Qcr = (28)

In order for a shell to buckle within the elastic region,
the uniform radial shear may not exceed (for most com-
mon engineering materials) the order of magnitude of
lQ-*Eh; for this value of Q a shell buckles if its h/R
ratio is about 0.0017. It is apparent, therefore, that
buckling will occur within the elastic region for values
of h/R which have some practical significance. It is
rather difficult, however, to induce a state of uniform
radial shear stress without impeding radial displace-
ment.

This buckling phenomenon is analogous to that ob-
served by the authors in the case of a plate or a beam
under uniform transverse shear. (See Refs. 13 and
14.)
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